Abstract. We slightly extend a result of Oguiso on birational automorphism groups (resp. of Lazić -Peternell on Morrison-Kawamata cone conjecture) from Calabi-Yau manifolds of Picard number two to arbitrary singular varieties X (resp. to klt Calabi-Yau pairs in broad sense) of Picard number two. When X has only klt singularities and is not a complex torus, we show that either Aut(X) is almost infinite cyclic, or it has only finitely many connected components.
(klt) singularities (cf. [5, Definition 2.34] or [1, §3.1]) and K X + ∆ ≡ 0 (numerically equivalent to zero); in this case, if K X + ∆ is Q-Cartier, then K X + ∆ ∼ Q 0, i.e., r(K X + ∆) ∼ 0 (linear equivalence) for some r > 0, by Nakayama's abundance theorem in the case of zero numerical dimension. (X, ∆) is a klt Calabi-Yau pair in narrow sense if it is a klt Calabi-Yau pair in broad sense and if we assume further that the irregularity q(X) := h 1 (X, O X ) = 0. When ∆ = 0, a klt Calabi-Yau pair in broad/narrow sense is called a klt Calabi-Yau variety in broad/narrow sense.
On a terminal minimal variety (like a terminal Calabi-Yau variety) X, we have Bir(X) = Bir 2 (X). Totaro [9] formulated the following generalization of the MorrisonKawamata cone conjecture (cf. [4] ) and proved it in dimension two.
Conjecture 1.1. Let (X, ∆) be a klt Calabi-Yau pair in broad sense.
(1) There exists a rational polyhedral cone Π which is a fundamental domain for the action of Aut(X) on the effective nef cone Nef(X) ∩ Eff(X), i.e.,
Nef(X) ∩ Eff(X) =
g ∈ Aut(X)
and int(Π) ∩ int(g * Π) = ∅ unless g * | NS R (X) = id. (2) There exists a rational polyhedral cone Π ′ which is a fundamental domain for the action of Bir 2 (X) on the effective movable cone Mov(X) ∩ Eff(X).
If X has Picard number one, then Aut(X)/ Aut 0 (X) is finite; here Aut 0 (X) is the connected component of identity in Aut(X); see [7, Prop. 2.2] . Now suppose that X has Picard number two. Then dim R NS R (X) = 2. So the (strictly convex) cone Eff(X) has exactly two extremal rays. Set
* preserves each of the two extremal rays of Eff(X)},
= {g ∈ A | g * preserves each of the two extremal rays of Eff(X)},
When X is a Calabi-Yau manifold, Theorem 1.2 is more or less contained in [8] or [6] . Our argument here for general X is slightly streamlined and direct. Theorem 1.2. Let X be a normal projective variety of Picard number two. Then :
Bir 0 2 (X) coincides with both Ker(Bir 2 (X) → GL(NS R (X))) and Ker(Aut(X) → GL(NS R (X))). Hence we have inclusions: (1) Either Aut(X)/ Aut 0 (X) is finite, or it is almost infinite cyclic and dim X is even.
(2) Suppose that X has at worst Kawamata log terminal singularities. Then one of the following is true.
(2a) X is a complex torus.
(2c) X is a klt Calabi-Yau variety in narrow sense and Aut 0 (X) = (1), so both Aut(X) and Bir 2 (X) are almost infinite cyclic.
Below is a consequence of Theorem 1.4 and generalizes Oguiso [8, Theorem 1.2(1)]. Corollary 1.5. Let X be an odd-dimensional projective variety of Picard number two. Suppose that Aut 0 (X) = (1) (e.g., X is non-ruled and
For a linear transformation T : V → V of a vector space V over R or C, the spectral radius ρ(T ) is defined as ρ(T ) := max{|λ| ; λ is a real or complex eigenvalue of T }.
Corollary 1.6. Let X be a normal projective variety of Picard number two. Then: of Picard number two such that Aut(X) = Z/(2) * Z/(2) (a free product of two copies of Z/(2)) which contains Z as a subgroup of index two; see [10] .
(2) We cannot remove the possibility (2a) in Theorem 1.4(2). It is possible that Aut 0 (X) has positive dimension and Aut(X)/ Aut 0 (X) is almost infinite cyclic at the same time. Indeed, as suggested by Oguiso, using the Torelli theorem and the surjectivity of the period map for abelian surfaces, one should be able to construct an abelian surface X of Picard number two with irrational extremal rays of the nef cone of X and an automorphism g with g * | NS(X) of infinite order. Hence g Aut 0 (X) is of infinite order in Aut(X)/ Aut 0 (X) and g * has spectral radius > 1 (cf. Corollary 1.5).
(3) See Oguiso [8] for more examples of Calabi-Yau 3-folds and hyperkähler 4-folds with infinite Bir 2 (X) or Aut(X).
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Proof of Theorems
We use the notation and terminology in the book of Hartshorne and the book [5] .
Proof of Theorem 1.2
Since X has Picard number two, we can write the pseudo-effective closed cone as
(1) is proved in [8] and [6] . For reader's convenience, we reproduce here. Let g ∈ B (6) is similar (cf. [8] ).
This proves Theorem 1.2. (2) The canonical divisor K X is Q-Cartier, and K X = 0 as element in NS R (X).
(3) At least one extremal ray of Eff(X), or of the movable cone of X is generated by a rational divisor class.
Proof. We consider Case(1) (which implies Case (2)). In notation of proof of Theorem
, and further χ(g) ±1 are two eigenvalues of the action g * on NS R (X) ∼ = R ⊕2 corresponding to the eigevectors f 1 , f 2 .
Since
contradicting the fact: dim NS R (X) = 2.
Consider Case(3). Since every g ∈ Bir 2 (X) acts on both of the cones, g 2 preserves each of the two extremal rays of both cones, one of which is rational, by the assumption. Thus at least one of the eigenvalues of (g 2 ) * | NS R (X) is a rational number (and also an algebraic integer), so it is 1. Now the proof for Case(1) implies
is trivial (otherwise, it is isomorphic to Z and torsion free by Theorem 1.2).
Proof of Theorem 1.4
(1) follows from Theorem 1.2, and [8, Proposition 3.1] or [6, Lemma 3.1] for the observation that dim X is even when Aut + (X) strictly contains B 0 2 . For (2), by Lemma 2.2, we may assume that K X = 0 as element in NS R (X). Since X is klt, rK X ∼ 0 for some (minimal) r > 0, by Nakayama's abundance theorem in the case of zero numerical dimension.
Proof. Since X is klt (and hence has only rational singularities) and a complex torus 
, and X is a complex torus.
We continue the proof of Theorem 1.4(2). By Lemma 2.4, we may assume that q(X) = 0. This together with rK X ∼ 0 imply that X is a klt Calabi-Yau variety in narrow sense. G 0 := Aut 0 (X) is a linear algebraic group, by applying [7, Theorem 3 .12] to an equivariant resolution X ′ of X with q(X ′ ) = q(X) = 0, X having only rational singularities. The relation rK X ∼ 0 gives rise to the global index-one cover: divisor E close to D 2 outside the movable cone -but still inside the big cone. Then, for ε ∈ Q ≥0 small enough, εE ≡ K X + ∆ + εE is klt and a rational divisor. Taking H an ample divisor, the rationality theorem in [5, Theorem 3.5, and Complement 3.6] shows that the ray spanned by D 2 is rational.
